Abstract -We prove the stochastic independence of the basic Integrators of the renormalized square of white noise (SWN). We use this result to deduce the unitarity conditions for stochastic differential equations driven by the SWN.
INTRODUCTION
Linear quantum stochastic calculus ori the Boson Fock space, äs dpveloped in [7] , is associated with the stochastic differentials
dB (t) = b(t) dt, <LB + (i) = b+(t) dt, dN(t) = 6+ (t) b(t) dt
corresponding to functionals of the Boson Fock white noise 6, 6 + satisfying the commutation relation [b(t),b~^(s)} = 7 · $(t -s) where 7 > 0 is the variance of the quantum Brownian motion defined by B and B + , and 6 is the delta function (cf. [2] , [5] ). A general, representation free, quantum stochastic calculus which included [7] and all other known examples of linear quantum noise was developed in [1] (see also [4] , [5] , [6] ).
The theory has recently been extended (cf. [2] , [3] ) to include normally ordered nonlinear stochastic differentials of the form where m, n G {0,1,...}. This extension required the introduction, in classical probability theory, of renormalization techniques, widely used in quantum field theory.
The white noise 6 + , 6 is defined s follows: let £|ym(R n ) denote the space of square integrable functions on R n Symmetrie under permutation of their arguments, and let Li ym (R n ), and n=Q where: if φ = {ψ (η} }™ =1 G F,.then ψ(°) 6 C,
Denote by 5 C I/ 2 (R n ) the Schwartz space of smooth functions decreasing at infinity faster than any polynomial and let /) = /(*) V(/), Ws), tf Μ·(/)> t > g f ) ) · Throughout this paper b^2 will be interpreted s a quadratic form defined on the linear span of the exponential vectors.
We couple Γ(5+) with an initial Hubert space HQ and we define an adapted process A -{A(t) : t > 0} to be a family of operators on HQ 0 Γ(5+) such that for each i, A(t) -At 0 l where AI acts on HQ 0 Γ(5_|!) and l is the identity operator on F(S_j_), where Once a quantum stochastic calculus has been constructed, one usually considers the problem of finding conditions under which stochastic differential equations driven by quantum noise admit unitary Solutions. It is well known (cf. [7] ) that the unique solution U -{U(t) : t > 0} of the initial value problem
dU(t)= \(iH-^L*L\ dt-L*WdB(t)+LdB+(t) + (W-l)dN(t)] U (t]
where L, H', W are bounded, constant adapted processes with H self-adjoint and W unitary, is unitary i.e.
U(t)U*(t) = U*(t)U(t) = l for each t.
In this note we discuss, in Sections 2 and 3, the unitarity of the solution U of the initial value problem
where the coefficients AI, A^...., AQ are bounded, constant adapted processes. The derivation of the unitarity conditions depends on the linear independence of the stochastic differentials which is established in Section 4.
For an operator K we denote its adjoint by K* while its real part is Re K = K+K* 2
NECESSARY AND SUFFICIENT UNITARITY CONDITIONS
In this note we suppose that equation (1.4) has a solution, defined s a quadratic form on the exponential vectors and we also assume that the expression has a meaning s a quadratic form on the exponential vectors. Under these assumptions we study under which conditions on the coefficients of equation (1.4 
Proof. U is unitary if and only if for each t e [0, T],
Since 17(0) = 17* (0) = l, Corollary. The solution U of Proof. The proof follows from Proposition 3.1 by taking
1) -(2.8). Therefore, the solution U of
dU(t)= iH--L*L dt-L*WdB(t)+ [/(O) = l , 0 < t < T < +00, is unitary. Proof. +Al+ Α 2 Α* 2Ί = iH--L*L-iH -L*L + (-L*V7)(-W*L) 7 = 0 z z A 2 + AI H-27 A 4 AI -l· 7^2 Ag l _ RpW\ 1 / 2 - 8^2 J = -L*W + L· + -L (i _ Re V2 = i [L* (l -W) -V2(l -Re W) 1/2 ML] = 0 by (3.1).
Corollary 3.1. Lei L, M, W, H be bounded operators with H self-adjoint and M, W unitary. The solution U -{U (t) : 0 < t < T < +00} of each of the following initial value problems, with initial value U(0) = l, is unitary. = [iHdt]U(t),
The Corollary is proved. 
LINEAR INDEPENDENCE OF THE STOCHASTIC DIFFERENTIALS Proposition 4.1. For each i = l, 2, . . . , 6 let AI -A{ 0 l &e α constant adapted process acting on HO Θ Γ(5+) and suppose that for allt>0
AI dt + A 2 dB (t) + A 3 dB+(t) -f A 4 dJ3 2 (*) + Λ> dB^ (i) -f Λ d7V(i) = 0.
